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ABSTRACT

Tracking performance depends upon the quality of the
measurement data. In the Kalman-Bucy filter and other trackers,
this dependence is well-understood in terms of the measurement
noise covariance matrix, which specifies the uncertainty in the
values of the measurement inputs. The measurement noise and
process noise covariances determine via the Riccati equation, the
state estimation error covariance, When the o9origin of the
measurements is also uncertain, one has the widely=-studied
problem of data association (or data correlation), and tracking
performance depends critically on additional parameters,
primarily the probabilities of detection and false alarm. In
this paper we derive a modified Riccati equation that quantifies
(approximately) the dependence of the state error covariance on
these parameters. We also show how to use a ROC curve in
conjunction with the above relationship to determine an optimal
detection threshold in the signal processing system that provides
measurements to the tracker. A validation of the modified
Riccati equation is also presented.



1. INTRODUCTION

Garden-variety tracking problems involve processing
measurements (e.g., range and azimuth observed by a sensor) from
a target of interest and producing, at each time step, an
estimate of the target's current position and velocity vectors.
Uncertainties in the target motion and in the measured values,
usually characterized as random noise, lead to corresponding
uncertainties in the target state.

A common and versatile approach to such problems involves
assuming that the state dynamics and the measurements are both
corrupted by additive, white, possibly Gaussian noise; the
solution is then the celebrated Kalman-Bucy filter [1-5], which
is the conditional mean state estimator, best linear estimator,
maximum a posteriori estimator, maximum likelihood estimator, or
least-squares estimator, depending upon one's point of view. The
parameters that determine tracking performance in such a filter
are the system matrices in the equations describing target state
dynamics and measurements, which will be considered fixed for the
purposes of this discussion, and the covariance matrices of the
process and measurement noises, which spedify the uncertainties
in target motion and measured values, respectively.

In many tracking problems, particularly those arising in
surveillance, there is additional uncertainty regarding the
origin of the received data, which may (or may not) include
measurements from the target(s) of interest, interfering targets,
or random clutter (false alarms). This leads to the problem of
data association or data correlation, which has been attacked on
a number of fronts [6-14] and surveyed in [15-17]. In this
situation, tracking performance depends not only upon the noise



covariances, but also upon the amount of uncertainty in
measurement origin. In some of the approaches cited above
[6-18], this dependence is explicit and is characterized in terms
ofthedsﬁﬂimmﬁhilmPDandfﬁmemb.ahumPF

(which is proportional to clutter density).

In typical applications, measurement data are provided to a
tracker by upstream signal processing and detection algorithms,
as indicated in Figure 1. The process noise covariances are
normally selected on the basis of experience and intuition (i.e.,
they are guessed). The measurement noise covariances are either
provided by the signal processing algorithm, as shown in the
figure, or they are selected in the same manner as the process
noise, In any case, the true noise levels are usually fixed by

target dynamics and sensor configuration and cannot be adjusted
on line, '

Detection and false alarm probabilities, on the other hand,
are highly interdependent and adjustable via a detection
threshold: raising the threshold lowers both probabilities, and
vice-versa. This relationship, which also depends parametrically
on the signal-to-noise ratio (SNR), is usually characterized by
means of a set of receiver operating characteristic (ROC) curves,
as discussed below in Section 4. The threshold is typically set
by choosing a design point on the applicable ROC curve, based on
the perceived tradeoffs between false alarms and missed
detections. However, to the best of our knowledge, these
tradeoffs have never included any systematic or quantitative

consideration of the effects downstream on data association and
tracking performance,

In this paper we shall describe such a quantitative
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relationship. The dependence of a tracker's error covariance
upon the detection and false alarm probabilities is explicitly
(but approximately) characterized by a scalar parameter g; in the
covariance equation, called the modified Riccati equation. This
scalar parameter depends upon the probabilities of detection and
false alarm, and also upon the volume of the data association
gate, which in turn depends on the state error covariance matrix
P. The modified Riccati equation can be iterated to convergence,
yielding a steady-state E, and tracking performance can be
characterized by a scalar metric such as determinant (E), trace
(E), or (in surveillance applications) root-mean-square position
error. This result is important for the following reasons:

l. Contour plots of the scalar tracking performance metric
as a function of detection probability and false alarm



pProbability form a set of tracker operating
characteristic (TOC) curves, which can be superimposed
on ROC curves for the detector or receiver of interest
in order to determine graphically the operating points
that optimize tracker performance.

2. The stability of the tracking process depends
critically on the detection and false alarm
probabilities; indeed, a region of apparent instability
of the modified Riccati equation exists in the Pn-P
plane of the TOC curves. The implication of this for
detector/receiver design is that there are settings of
the detection parameters that render the output useless
for downstream tracking.

3. Allocation of tracking resources (both computation and
communication) requires prediction of future state
error covariances under various resource
configurations, i.e., as a function of detection and
false alarm probability and of process and measurement
noise covariance. ‘

4. The same derivations provide a solution to the related
problem of determining the statistical properties of
the modified 1likelihood function [18], used for
decision making (e.g. maneuver detection) when
measurement origins are uncertain.
In Section 2 the problem of relating tracking performance to
detection and false alarm probabilities is formulated in the
context of probabilistic data association. The key TOC results
are derived in Section 3, followed by examples in Section 4.
Conclusions and suggestions for further research are found in
Section 5., Discussion of the numerical operations,derivation of
complex mathematical expressions, and a description of the
Simulations used to validate the modified Riccati equation may be
found in Appendices A-E. '



2. PROBLEM FORMULATION
Consider a dynamic system (target model) of the usual form,

g+l = EXg + Guy , (1)

Yy Hxp + ¥y (2)

where x is the state vector, y is the measurement vector, w and ¥
are zero-mean, mutually independent, white, gaussian noise
vectors with covariance matrices Q and R, respectively, and k is
a discrete time index. The matrices F, G, H, Q, and R are
assumed known and their dependence on k is suppressed here for
notational convenience. The initial state is assumed gaussian
with mean zﬂlﬂ and covariance Rg|ﬂ. A typical state vector would
include position and velocity variables, as well as other
information that relates to the specific type of platform being
tracked, and typical dynamics would assume straight-line or

great-circle target motion with disturbances from the process
noise y.

The tracker's estimate of the target state x, at time Kk,
given data up to time i, is denoted '3k|i' The error in this
estimate is 3kli = Kk'xkli' with error covariance matrix Bpii =
E{gklixﬁli}' where E denotes expectation. The discrete-time
Kalman-Bucy filter [2-5] propagates these in two stages. The
prediction stage accounts for time evolution,

Xy k-1 = EB¢-1 k-1 (3)



Bg|k-1 = EBg-j |k-1E' + GOG! (4)

starting from the initial conditions ﬁﬂlﬂ and Bg|g- The update
stage compares the incoming measurement Yy with the predicted
measurement iklk-l = ﬂxklk-l to form the jnnovation vector

P & ¥ ~ k-1 (5)
whose covariance matrix is
Sk & E{Zy ) = HPy x-1H' + R (6)

The .state and covariance are then updated via

21k = 3k|k-1 + W\ﬂk (7)
By k = (L-HyH)By g1 (I-HyH) ' + HRH}
= By k-1 ~ WgSgWy (8)
where
Wi = By |k-1H'Sg (9)

is the filter gain matrix. The resulting state estimate, under



the above assumptions, is the conditional mean Xklk = E{KKIYK}
where YK denotes all data vectors y; for i £ k.

Equations (4) and (8) comprise the matrix Riccati equation
[1-5] for the state estimation covariance that characterizes the
tracker's performance. This iterative equation is deterministic,

since for a linear filter, the estimation accuracy is independent
of the data.

In order to avoid clouding the discussion to follow, this
brief summary ignores a number of complications that arise in
practice, If the system is nonlinear, for example, then it can
usually be linearized and the same basic equations can be applied
to deviations from the nominal trajectory [3, 5]. If the target
occasionally deviates from the assumed motion model, e.g., by
maneuvering, then some decision-making or other machinery must be
provided to deal with these instances.

In multi-sensor problems, the size and composition of the
measurement vector often varies from one time to the next; in
other words, yp is composed of independent subvectors from
various sensors, any subset of which may be present at a given
time. Moreover, in the problem of interest here, each sensor
supplies not one but several subvectors that must be associated
with targets. We will avoid the resulting notational morass by
restricting equations (5)-(8) to apply to a measurement subvector
Yk from a single sensor. 1In addition, we will suppress the time
index k from all variables except P,W,S, and Y, except where it
is required for clarity. Without any loss of generality, the
data association problem may now be formulated as follows.

At each time step, the sensor provides a set of candidate
measurements to be associated with targets (or rejected). In



most approaches, some preselection is done by forming a
validation gate around the predicted measurement from each target
and selecting those detections that lie within the gate. There
are many different approaches to establishing a correspondence
between candidate measurements and targets, some of which were
cited above in Section 1.

In this paper we shall focus on the probabilistic data
association (PDA) method [6-8,15], although the results are

relevant to other methods [9, 10] in which similar machiﬁery is
used. The candidate measurements in a gate at time k are denoted
¥yr j=1l,...m, and their corresponding innovations are

23 & ¥j = &y j=l,...m ; (19)

The term measurement will be used intérchahgeably for ¥4 and gj,
since they contain equivalent information [5].

Considering a single target independently of any others, X
denotes the event that the j-th measurement belongs to that
target and Xg the event that none of the measurements belongs to
it (no detection). The PDA approach builds upon the assumptions
that the estimation errors § and § have gaussian densities at
each time step (this is approximate, since there is an
exponentially growing tree of possible measurement sequence
hypotheses and the true densities are gaussian
mixtures-- weighted sums of gaussians). It is also assumed that
the correct measurement is detected with probability Pp
(independently at each time) and that all other measurements are
Poisson~distributed with parameter CV, where V is the volume of

the validation gate and C is the expected number of false



measurements per unit volume.1 with Note that C = PF/Vc' where Ve
is the volume of one resolution cell (see Section 4) and Pp is
the probability of false alarm in each cell.

The gate is normally a g-sigma ellipsoid {¢ : 2'&El¥$ gz}
and Pg is the probability that the correct measurement, if
detected, lies within the gate.2 The gate volume is thus

Vv = cygMigy 11/2 (11)

where M is the dimension of ¢ and cM=wM/2/r(M/2+1) is the volume
of the M-dimensional unit sphere (¢1=2, cy=m, c3=4m/3, etc.). ‘

The conditional mean estimate & is obtained from (7) by
using the combined (weighted) innovation

28 2 3% | (12)

([}

where pj P{ﬁjIYk}, j=8,1,...m, is the posterior probability
that the j-th measurement (or no measurement, for j=8) is the
correct one. These probabilities are given by the following

expressions (see Appendix C):

lEquivalently, the number R, false measurements has
probability mass function p(n) = e (cv)?/n! and the location of
each false measurement is uniformly distributed in the gate.

2this is just the gaussian probability mass in the gate, which

is qf%en assumed to be unity in practice, since Pg>.99 whenever
g Mt/ 242 ‘



exp (-5 195/2)

Bj = - ’ j=l'ooom (13)
b + ¥ exp(-%]85l¥;/2)
i=1
b
By = (14)
m
b + E exp (- ,‘_S.Elii/z)
i=]1
where
b 2 (2m™2c|g11/2(1-pppg) /P

(2m) /2 (cv/cyg™) (1-ppRg) /P (15)
The covariance update equation (8) is replaced by
Bk = Bk k-1 = (1-Bg)HgSgup + By (16)
where the data-dependent (stochastic) terms
m
By £ Myl 'Zlﬁjzjzj'-s&'mk' (17)
J=

and 30 transform the original deterministic Riccati equation into
a stochastic one.

10



dependence of tracking performance, particularly the behavior of
Bg |kr ©on detection probability Pp and clutter density C. This is
accomplished in the next section by means of a deterministic
approximation to the stochastic Riccati equation (4) and (16).

Another major problem in data association and tracking is
the testing of hypotheses for maneuver detection, track
initiation, signature formation, target classification, and other
decision-making purposes. The uncertainty in measurement origin
leads, in the PDA and other approaches, to a modified likelihood
function [18] involving the combined innovation § in (12). A
major drawback of this approach has been the difficulty of
computing the covariance matrix of ¢, but this can now be done
using an intermediate result to be derived in the next section.

Finally, note that multiple targets can be handled
simultaneously via the joint probabilistic data association
(JPDA) approach [8], in which the posterior probabilities
(13)-(14) are computed jointly across a set of potentially
interfering targets. Although this is a very important
extension, it greatly complicates the derivations and will not be
included here,

il



3. APPROXIMATE COVARIANCE EQUATION

Since any measure of tracking performance must depend
heavily (or perhaps exclusively) on the error covariance matrix
Eklk' we shall attempt to characterize its behavior in the
presence of uncertainties in measurement origin. Rklk is a
random (data-dependent) matrix governed by the nonlinear,
stochastic difference equations (4) and (16), and hence its
behavior can only be determined in a statistical sense.
Moreover, even propagation of its first and second moments

appears to be intractable except via extensive numerical
operations.

Consequently, we shall consider an approximation to (16) in
which the random matrix P, defined in (17) and the probability Bg

given by (l14) are replaced by their (prior to time k) expected
values '

E{py Y"1} (18)

fro
=~
(]

E{BgI¥*"1} = E{Bp} = 1 - Pppg (19)

i
=
[}

where the final expression is a consequence of E[P{A|B}]=P{A}.

These substitutions make (4) and (16) into a set of
deterministic equations that can be iterated forward in time.
Because (16) is nonlinear in Bklk-l' this does not yield E{Bklk};
nevertheless, it will give approximate values of future state
error covariances in the presence of uncertain detections and
false alarms as a function of the environmental parameters Pp and
C, and of the noise covariances R and Q.

12



Expansion of (18) yields

E{Rg I¥*"1} = E(E[Ry Im, ¥*"1]|¥k"1)

ro
=
]

3" E(Ry Im, Y51 p{m|vk"1) (20)
=0

where P{lek‘l} = P{m} is given by (44) in Appendix C. Using
(17) and (12), the inside expectation becomes

Hk[ul(m)°112(m) ]Hk'r m=1,2,...

E[Ry Im,¥K"1] = (21)
ﬂ’ ' =0
where
- k
Up(m) 2 E[ Y ;98! Im,vk™1] (22)
i=1 '
and3
m m
Up(m) 2 E[ X B¥; 3 Ay2YIm,v*71)
: i=1 j=1

3The second expression in (23) is obtained as a intermediate
result in Appendix D.

13



m
=ELE pf%;9} Im,¥k71) (23)
1=

The expected values are obtained by multiplying the quantities in
square brackets by the joint prior density p(gl,...zmlm,Yk'l)
given in (49) and integrating over the validation gate.

Considerable simplifications result if one applies a linear
transformation of variables (gl';l/z )toobtain a spherical gate,
followed by a change to spherical coordinates. Because of the
spherical symmetry of the gaussian density and of the expressions
(22)-(23), off-diagonal elements, cross-terms, and angular
variables drop out like flies, leaving scalar integrals over the
radial variables (i.e., over Ilijllr j=1,...m). The detailed
derivation, which is given in Appendix D, leads to

Pp Cy
g (m =m 73 118 (24)
P cy (M S
U,(m) = m — I.(m)S
. P.P.m + (1-P.P.)cv (2mM/2\ M = (25)
o o DG g

where Sk is the covariance matrix of the correct innovation and
the scalar integrals I and I5(m) are defined as

i

I, ﬁ t™*lexp (-r2/2)ar (26)

14



| 2,. 2
. g exp(-rl)rl
I,(m) 2 S T S B (rlrz...rm)m—ldrl...dr
m
g 8 b+ X exp(-ry%/2) St
i=1

and the constant b = (21r)M/2CIS,kll/z(l-PDPG)/PD was defined in
(15) .

Substituting (24)-(27) and (44) into (28) and cancelling
leads to

By = (41-97) HeSkHy (28)
where
Cy w e V(cy)ym-l Cy
qy & Pp =—————— I, =P ;3 (29)
y “ (211)M/2 m=1 (m=1) ! 1 D (2ﬂ)M/2 1
cy v e V(cv)ml < M) -1
93 &7 —) I,(m (30)
25" ooz & gt/ 2

and substitution of this and (19) into (16) yields the
deterministic equation

Beik = Bxk-1 = (PpPg=a+dp) Wy Sy (31)

This can be simplified further by noting that for typical

15
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values of g and M (g=4 or 5 and M<10), P; is approximately 1 and

q; is approximately Pp (substitute xl/2 for r in I; to get a
gamma function),

The upshot of all this is that the deterministic
approximation to the covariance equation becomes

Bk = Bg k-1 — 9HkSkHy (32)

where the scalar gy lies between # and 1 and depends on Ppr Cy
and V, the volume of the validation region at time k. Comparing
this to (8), it is clear that the factor q, reduces the
covariance improvement due to the term WSW': the smaller d, is,
the greater the degradation.

Since C is proportional to Pp and V=cMgM|ak|1/2 from (1l1),
equations (4) and (32) may be written as

Bk k-1 = EBg-3|k-1E' + GQG'

' (33)
Beik = Bg|k-1 — 92(SkiPp,Pp)WgSkHy

where Wy and §p depend upon Rklk-l via (6) and (9). This
modified Riccati equation describes (approximately) the behavior
of the PDA tracking filter as a function of the detection and
false alarm probabilities Pp and Pg. The approximation is
validated via Monte Carlo simulations in Appendix E. We shall now

use it to characterize the dependence of tracking performance on
Py and Pp.

16



For most values of Pp and Pps (33) can be iteE?ted until it
converges to a steady-state covariance matrix B(PD,PF) (the
stability issue is discussed below). 1In order to obtain a scalar
tracking performance metric, one can then extract the steady-
state root-mean-square (RMS) position error

e (Pp,Pp) 5\/§1l(PDIPF) + SZZ(PD.IPF) ' (34)

where p;; and p,, are the diagonal elements of P that correspond
to target position.

We shall refer to a contour plot of (34) as a tracker
operating characteristic (TOC). This name is chosen because the
well-known receiver operating characteristic (ROC) curve in the
same Pp-Pp plane is the locus of possible operating points fbr a
detector/receiver, where a particular operating point on the
curve is determined by the detection threshold level. Thus, if
the ROC curve is superimposed on the TOC contours, the dependence
of tracking performance on detection threshold can be determined

directly. This will be illustrated in the next section with an
example.

There are various other performance metrics that can be
used, of course, such as the determinant or trace of E. In many
applications, the steady-state covariance may not be appropriate:
one can instead use the value of Eklk obtained by iterating (33)
over a fixed period of time from a standard Rgg-

17



4. EXAMPLES

The target/sensor geometry shown in Figure 2 was used in the
multi-target tracking examples of [8]. Taking the (linearized)
values of F, G, H, Q, and R from the initial time in that
example, we have iterated (33) to obtain the steady-state RMS
position error (34) for various values of Pp and Pp. Evaluation
of qy(SkiPp,Pp) was carried out using a look-up procedure from
tables generated off-line (see Appendix A for details).

Tracker operating characteristics will be shown for two
different measurement types. 1In the first example, the target is
tracked using measurements of bearing (azimuth) and frequency
from sensors 20 and 22 at 5-minute intervals. The process noise
matrix (GOG') is diagonal, with standard deviations of .29 4n
course, .2 knots in speed, and .01 Hz in source frequency.

The measurement noise matrix, also diagonal, has a standard
deviation of 5° in bearing and .68 Hz in frequency. We further
assume that the sensor signal processing is able to resolve
signals separated by about 4° and .15 Hz. We may thus view the
space of bearing/frequency measurements as a collection of
resolution cells, with the tracker's validation gate encompassing
some subset of these cells. In practice, the detector/receiver
will have an ad hoc rule prohibiting detections in adjacent
cells, so that the effective cell volume is about V. = .3°-Hz.
We assume further that false alarms occur independently in each
Cell with probability Pp, so that the clutter density (expected
number of false alarms per unit volume) is

C = Pp/.3%Hz (33)

18



With these assumptions, the TOC contours shown in Figure
3 have been computed (note that Pp ranges only from @ to 0.1).
This is a contour plot of (34), with performanée improving (i.e.,
position error decreasing) toward the upper left-hand corner.
Performance degrades in the other direction, as Pp decreases
and/or Pp increases, and there is a region in which the modified
Riccati equation (33) does not appear to converge to a finite
steady-state covariance E The question of stability is
discussed further in Appendix B.

Figure 3 specifies tracking performance as a function of Pp
and Pp. In order to determine what values of these probabilities

are achievable, we need receiver operating characteristic (ROC)
cukves for the detection system that provides measurements to the
tracker. To this end, we shall assume that the detection
algorithm is equivalent to a set of classic quadrature recejivers
or incoherent matched filters [19], one operating on each
resolution cell in bearing/frequency space. The quadrature

receiver assumes a sinusoidal signal of unknown phase. Under the
signal-plus-noise hypothesis, the test statistic has a Rician
distribution, which reduces to a Rayleigh distribution in the
noise-only case. Expressions for Pp and Pp may be derived [19]
and used to compute the ROC curves shown in Figure 4.

For a given signal-to-noise ratio (SNR), the corresponding
ROC curve is the locus of possible operating points that the
detector can assume, depending on where one sets the detection
threshold. In Figure 3 one such curve (SNR=8 dB) is super imposed
as a dashed line on the TOC contours. This shows graphically how
tracking performance depends on the operating point of the
detector (i.e., on the detection threshold). In particular,
performance is optimal at the operating point indicated by @.

19



There is a relatively broad region about this point where

performance is near-optimal, but performance degrades
significantly thereafter.

Coherence measurements

In the second example, the target is tracked by cross-
correlating signals between pairs of sensors to obtain
measurements of time delay difference and Doppler difference from
sensor pairs 20/21 and 21/22 (see Figure 2) at 5-minute
intervals. Standard deviations of 4 sec in time difference and
-804 Hz in Doppler difference are assumed, and the effective
resolution cell volume is .008 sec-Hz, so that

C = Pp/.008 sec-Hz (36)

This leads to the TOC contours shown in Figure 5.

Analysis of the cross-correlation algorithm is somewhat more
difficult than that of the quadrature receiver. Nevertheless, if
we assume that both signal and noise are sample functions from
white, gaussian, random processes and that the time-bandwidth
product is 500 sec x .25 Hz, we can obtain the ROC curves shown

in Figure 6. The parameter is now coherence between the two
channels, rather than SNR.

Again, for a given coherence, the corresponding ROC curve is
the 1locus of possible operating points for the coherence
detector. 1In Figure 5, the curve corresponding to a coherence of
.B25 is superimposed as a dashed line on the TOC contours to show
graphically how tracking performance depends on the operating

20



point of the coherence detector (i.e., on the detection
threshold), and the optimal point is indicated by @.

Site 22
Target trajectory
T——
Nautical Miles

f T T T =1

0 50 100 150 200
G~ &
Site 20 Site 21

FIG. 2. TARGET-SENSOR GEOMETRY
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5. CONCLUSION

We have established, for the first time, an important
relationship between thresholds in detector/receivers and
performance in downstream trackers. More specifically, a
modified Riccati equation determines the approximate state error
covariance of a probabilistic data association (PDA) tracking
filter as a function of the threshold-dependent probabilities of
detection and false alarm. By plotting contours of tracking
performance (in this case, steady-state RMS position error) in
the Pp-Pp plane and then superimposing a ROC curve for a

particular SNR, one can determine the optimal detection threshold
graphically.

Several extensions of this concept are of interest, The
graphical methdd for selecting an operating point can be replaced
by a mathematical optimization: an obvious necessary condition is
that the ROC and TOC curves be tangent. However, the practical
difficulty of computing the required differentials to solve the
necessary conditions is substantial., An approximate (e.g. table
look-up) procedure for optimization would be useful for dealing
with multi-dimensional TOCs, such as will occur if different
receivers are allowed to have different thresholds or if bearing/
frequency and time/Doppler measurements are used simultaneously.

Another issue of major importance is the optimization of
tracking performance when the signal's SNR is not known. In this
case, several ROC curves are involved and one must select a
threshold that is best (in some sense) for a whole range of SNRs.
Alternatively, an adaptive thresholding scheme can be devised,
whereby the SNR is monitored and the threshold adjusted so as to
maximize performance along the current ROC curve.
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The results obtained here apply to the probabilistic data
association framework, in which each target is considered
individually in the presence of random clutter (false alarms).
It will be useful to modify these results to ‘deal with other data
association schemes, particularly the joint PDA approach [8], in
which multiple interfering targets are accounted for by computing

the posterior probabilities (13)-(14) jointly across a set of
targets.

A Monte-Carlo test of the validity of the key approximation,
in which By and Bo Were replaced in (16) by their expected values

is presented in Appendix E, thus validating the entire ROC/TOC
approach.
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APPENDIX A
PROPAGATION OF THE MODIFIED RICCATI EQUATION

Propagation of the modified Riccati equation (33) requires
evaluation of the scalar parameter dp, defined by (27) and (30).
This was carried out numerically as follows. First, a 50,000-
point Monte-Carlo integration scheme was used repeatedly to
create a table of values of the integral (27) for various values
of b, m=1-15, and M=1-4 (the gate size was fixed arbitrarily at
g=4). Then routines from the numerical package IMSL were used to
compute spline coefficients for interpolation over b. Finally,
the tables and coefficients were embedded in a subroutine that
accepts values of M, Pp and Cv (=PFV/VC) and evaluates (30) by

truncating the sum at m=15 and using the spline interpolation to
evaluate the integral.

As can be seen from (27) and (30), for a given dimension of
the measurement vector, M, and gate size, g, the resulting
coefficient q, depends only on the target detection probability,
Pp, and the expected number of false measurements in the gate,
cv. Thus the results obtained from the above evaluation yield
"universal curves", presented in Figure 7.

With this, propagation of {33) was straightforward.
However, because this form of the right-hand side of the update
equation is known to have poor numerical prbperties, it was
replaced in the computer program by the equivalent equation

Bk = (1-9) By k-1 *+ 9 [ (L-WgH) By k-7 (I-WeH) ' + W RWR] (37)
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To prove the equivalence, one may simply use the well-known
identity given by (8) on the terms in square brackets.

cv

Figure 7. Factor q, for measurement of dimension M=2 and gate g=4
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APPENDIX B
STABILITY OF THE MODIFIED RICCATI EQUATION

The standard Riccati equation defined by (4) and (8) is
well-known to be stable, provided appropriate controllability and
observability conditions hold [3]; it will always converge to a
steady-state covariance E. The modified Riccati equation (33),
with an additional covariance-dependent factor g, on the right-
hand side, presents some very challenging and unresolved
stability issues. It is clear from our numerical results that
(33) converges to a steady-state E(PD,PF) for most values of the
‘parameters Pp and Pg. In the instability regions indicated ip
Figures 3 and 5, (33) diverges numerically,4‘but this does not

necessarily imply that the equation is unstable in a mathematical
sense,

Although we have as yet been unable to establish any general
theorems on either stability or instability, examination of a
scalar example provides some useful insights,

Suppose that x and y are both l-dimensional with F=G=H=1 and
Q,R>@, in which case (33) reduces to

2
Pp+1]k = Pk|k-1 ~— 92Pk|k-1/[Pk|k-1tR] + Q (38)

Note that F=1 corresponds to an integrator, so that the

4once d, underflows, divergence is inevitable.
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covariance diverges unless it is updated.5 If (38) converges to a
steady-state value P, then we can substitute Pk+1|k = Pklk—l = P
to obtain the quadratic equation

q,P%2 - QP - QR = 0 (39)
which has a positive solution

Q + Q%+4QRq,
P(q,) = (40)

It can be shown that for any fixed value of q, between 0 and 1,
(38) is stable and converges to (40) from any initial P1|0>ﬂ.
Indeed, we conjecture that (33) is stable for any fixed value of
dy, and that instabilities occur only because of the dependence
of g, on P.

The stability/instability question can be illuminated for
this scalar example by plotting P vs, dy. In Figure 8, the curve
labeled P(qy) has been computed from (40), while the curve
labeled qz(P) has been evaluated from (30) using the subroutine
described above in Appendix A, for Pp=.7 and Pp=.1l. One approach
to finding a steady-state solution (if one exists) of (38) is to
pick an initial P>@ and then alternately evaluate 95 (P) and
P(qy), as indicated by the arrowed paths. This procedure is

51n practically all tracking problems, the plant equation
contains at least one integration from velocity to position.
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stable for ©P<800, in which case it converges to the 1lower
intersection of the curves, For P>800, the procedure diverges as
indicated, suggesting that (38) is unstable for 1large enough

Plio-

Figure 9 shows the same P(qz) curve and a new qz(P) curve,
computed for Pp=.2 and Pp=.1l. 1In this case there is no point of
intersection and the arrowed pathways diverge for any initial
value of P.

These examples and others we have seen strongly suggest that
a stable intersection is always accompanied by an unstable one at
a higher value of P if Pp>0. This implies that even a small
amount of clutter will render the equation wunstable for
sufficiently large P. We conjecture that the same statement holds
for the multivariable case of (33).
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APPENDIX C
PROBABILITY CALCULATIONS

In this appendix we shall derive a number of expressions
needed in the main text. Letting vj(m) denote the prior
probability of the event X5 conditioned on m, the total
probability theorem yields

vy(m) = P{xyim,¥*71} = p{x;im}

P{xjlmF=m—1,m}P{mF=m-1|m} +P{ijmF=m,m}P{mF=m|m}

{'(1/m)?{mF=m-1|m} + (8)P{mF=m|m}, L [T
_ (41)

(8)P{mF=m-1|m} + (1)P{mF=m|m}, j=0

because mF, the number of false measurements, must be either m-1

(if the target is detected) or m (if it is not). Using Bayes'
rule and the assumed Poisson distribution for false measurements,

P{mF=m-1lm}

P{m|mf=m-1}P{mF=m-1}/P{m}

[PpPgl [e™CV (cV) ™1/ (m-1) 1] /P {m}

PDPGm/[PDPGm + (1=PpPg) CV] (42)

32



P{mF=m|m} = P{mlmF=m}P{mF=m}/P{m}

[1-PpPgl [e™V (cV) /m1] /P {m}

(1-PpPg) CV/ [PpPem + (1-PpPg)CV] (43)

where the denominator P{m} is the prior probability of m and is
equal to the sum of the numerators in the two equations:

P{m} = p{m|¥k1}

[PpPgm + (1-PpPg)cvie™V(cv)™l/mi, m=0,1,... (44)

Substituting back into (41) yields

PpPg/ [PpPgm + (l-PDPé)CV], 5]l
vy (m) = ' (43)

Note that vj(m) is independent of j for j>@.

Using Bayes' rule, the posterior probabilities in (12) can
be expressed as

»

B5 2 PUX51¥F} = P{x§1%1/0 0 pom,¥871)

P(21re e Tnlx3rm Y P {xg Im, ¥* 2} /p gy, .0 2y Im, ¥57L

33



m
- P(il,...ﬁmlxj,m,Yk'l)vj(nn/’2: numerators (46)
j=0

The first factor is the joint probability density of the m
candidate measurements, conditioned on the j-th one being
correct. According to the PDA assumptions, the correct
measurement 1j has a gaussian density

N(24iL:50/Pg 2 (1/Pg)exp(-24571g4/2) / (2m ™/ 2|5, | 1/2 (47)

with mean g and covariance S, where the factor '1/P; accounts for
its restriction to the validation gate, and each incorrect
measurement has a uniform density v'l. 1t follows that

k-1, v™IN(gi8,80) /Bgr  3=1,...m

P(&1reee8nlxs,m,
k el V'R, j=0

(48)

The second factor in (46) is the prior probability of X§r given

by (45). The denominator is the joint prior density of the
measurements, conditioned only on m (and the past data),

J LI L o (49)

m
Vg (m) + v“m"lj‘_\j (1/BG) N(L4:8,8¢) ¥4 (m)
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Note that with the above conditioning, the validated measurements
are not independent, i.e., (49) is not equal to the product over
j of the marginal prior densities

p(gyIm, ¥ = vTI1-vym] + (1/Pg)N(g5:8,8) v (m) (50)

Finally, substitution of (45), (48), and (49) into (46)
followed by a certain amount of rearrangement yields

exp (~245y124/2)

ﬁ] = = ’ j=1,-oom (51)
b + Y exp(-%|Sgl9;/2)
i=1
b
Bg = - (52)
b + Y exp(-g185lg;/2)
i=1
where
b 2 (2m™/ 2|5 11/2(1-pppg) /Py

(2m ™2 (cv/cyg) (1-Pppg) /P (53)
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APPENDIX D.
DERIVATION Of THE Ul AND U2 INTEGRALS

In this appendix the expectations

m .
A ~ Al k-l
gl(m) = E[ Zl Bigigilm,Y ] (54)
and
m m :
4 7. 5% | m, k‘l] (55

will be evaluated, where Bi is given by (13)-(14) and the joint
density of §1""§m is (48). 1In order to simplify the arguments,
we shall make use of the fact that S, is positive definite and

change variables to

&y = §;%§i R L TR ekt
so that

PisoFs = eig = Il (57)
and

Y13 = §f§i££§k (58)
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In terms of the new variables Ei’ the validation gate becomes

a sphere {z : [[z || “ < g2} with volume cMgM & ¢; the B;'s can

be rewritten as

) llzsll? -
g * ’ i = l’oo- 92
e m iz . |
b + Z e =3
j=1
where
b4 em™2cv/e,g™ a-ppg /e, (60)

is the same as in (15) . Note that the dimensionless quantity cv,

the average number of false measurements in the (now spherical)

gate, is unaffected by the variable change. The join£ density

(49) Dbecomes

k-1 AR
P(Zyreeet [m Y 7) =y, (m¥ m +y5mV 1 Wz :0,1)/Pg(61)

A-m+1 5
)
i=

1

if |lzyll <9 for all i, and 0 otherwise.
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Using the change of coordinates from y to ¢, expressions (21)

through (23) may be reexpressed as follows:

k-1. _ .. % _a v (62)
E[P) |m, Y7 = WS, [0, (m) -8, (m) Is S W r m=1,2,...
T & k-1 =3 ]
Uy (m) = E[iilsigigiry m] = Sy°0; (m) S, (63)
m m L o o
G == ] Bzgs ) Byef*homr = s, s (64)

Let D stand for the spherical validation gate region. Then the
above two expectations may be written out explicitly as multiple

integrals of certain matrices, taken over m copies of D:

DD D
§2=JJ JE_C_ reeerl )p(cl,...,c )AL, ...dg (66)
D D

where p is the joint innovations density (61) with the conditioning

suppressed and A,B are MxM matrices described componentwise by

m
- 2 ,P.q »
Aog izl Bjries l1<p,g<M (67)
m
= A P,.qa ;
qu i z:l Biﬁjcicj 1 < P.qg <M (68)
r]
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Here the M-dimensional vector Ek has been denoted as “i'ci'°'°"ﬁ"
The integrals (65) and (66) are actually mM-fold integrals.

Although the complexity of undertaking such a large computation
directly would prove formidable, a number of observations show

that these integrals have a fairly simple and straightforward

structure:

Observation 1. The matrices §, and 8, are diagonal.

From the expressions (67) and (68) - one may deduce that

off-diagonal elements will integrate out to zero. For when

p # g, both qu and qu become odd polynomials of second degree
in the variables ci,...,cg, with coefficients either single

' B's or pairwise products of f's. Now both the B's and the

two terms of the probability density p in (61) are positive
functions depending only on Hgﬂl,...JlgﬁH , i.e. they have
the same values at antipodal points of a sphere. The odd

polynomials from qu and qu will have opposite values at

antipodal points, so that their contributions to the total

integral will cancel.

Physically, this amounts to the observation that off -diagonal
elements of the inertia tensor vanish in a principal axis system,
for a spherical body with the shape of the validation region and

with mass distribution density appropriately defined in terms of

the 8's and p.
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Observation 2. 1Integrals of cross terms (i#j) vanish in the

(68). defini B_ .
sum efining pq

From the previous observation, we need only concern

ourselves with diagonal entries B - Again when i#j we have an

PP
odd polynomial in the t's, and the same arguments as before
apply again to show its integral over a sphere, weighted by

the density p, must vanish.

From the point of view of the original definition (64)

of ﬁz, we could say that distinct innovations t;s%s are orthogonal:

J
their inner products vanish and do not contribute to the second

moment of the combined innovations.

Observation 3. Each term of A or B making a nonﬁanishing

contribution to U_, N=1 or 2, has the same value, given explicitly

=N
by
T T e—%rlz N( rf -;Erjz ) 2( m )M-l
N = K s C & +C _ir I r. Ar oo dE
N - g.L i o e m
0 0|b+ ] e =1 ¥=1 2
=1 (69)
where
. (In
A YJ( ) (70)

(2m)M/2 (cyg™ ™ e,
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Yo(m)

. A
C. = C (m,M) & Z (71)
u u (CMQM)m
K = K(m,M) = Mm-lcﬁ (72)

To prove this, let us consider the first term of the (1,1)
entry of each integral, which can be written as é?(ci)zp(sl,...,gm),
N=1,2. Since p and §l depend only on the norms ||g,|| = i,
it is clearly advantageous to introduce spherical coordinates

in each of the m copies of the z-space:

_ - M _ _M-1 M-1
dEi = d;idli...dli =r; drida)i (73)

Here dm?-l denotes the "unit solid angle," i.e. the surface

element on the unit sphere (Z;i)2 + (?;i)2 * sen * (Cb.f)2 = 1.

Making these substitutions, the integral for the expected
value of §§(Ci)2 becomes 4

¢ ¢ - r% - m 2

e * 1.2 -Lrs M-1 M-1 M-1 M-1
J aRe J = -%rz (Cl) (C9~£1e J+Cu)(rl drldml )...(rm drmdmm
0 0| b+ § e %3 J

j=1 (74)
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The constants Cg’cu' and K defined in (70) , (71) are

introduced to simplify the notation.

The expression in (74) is not yet complete because the
variable Li still has to be reexpressed in angular wl-coordinates
for the first copy of the M-dimensional state space. However,
the other angular variables wg_l,...,wﬁ-l do not occur in the
integrand, so that their integrals can be absorbed in the
constant K. The fact needed to do this is that the integral

of the unit solid angle is just the surface area of the unit

sphere, which is M times Cy (the volume of the unit sphere).

To handle the ci—dependence
of the integrand in (74) we are

going to use an argument almost

identical to the one used to derive

the volume of the unit sphere

(which is to start from a known

integral and "work backwards").

The known integral that we wish to
Figure 10. Unit sphere Sy

exploit is

M
1,2 . . M _ M/2
() exp(-%zlcj)dcld;l...dcl = (2m) (75)

[ e

42



Now if this integral is rewritten in spherical coordinates, we

i = rlf(mf-l) where f is a smooth

should make a substitution g
function independent of r. For example if coordinates are
chosen on the sphere as depicted in Figure 10, we would have
f(m¥-l) = cos 8, where the angle 6 is measured downward from the

north pole as shown. Rewriting (75) in spherical coordinates

gives
7 2
M/2 _ 2 -%r M-1 2, M-1 M-1
(2m) = J rje © 1 r " ar, J £7 (0 M)dwy (76)
0 sphere
rl-El

The substitution %ri = X, transforms the radial part of

(75) into the well-known integral representation for the

gamma function

[+ ]
ity = [ e~¥1 xi-ldxl (77)
0

SO now we have

(2myM/2 - 2M/2r(§ ¥ %) J fz(m?-l)dw¥-l (78)
sphere
r1=l

Yle are now in a position to solve for the nonradial part of the
integral in (78) . But when this is done, the quantity we

obtain is recognized to be Cyr the volume of the unit sphere:

43



M/2

| Pl lia bt t " o (79)
P(i . &

Actually, by using properties of the gamma function, this

expression for cy can be written more explicitly as

r, ZM/znwf/.z... - nm/z . '
= if M is even
M(M-2)...4-2 (M/2) !

_ 2r _ (80)

2(M+l)/2 Tr(M-l)/2
if M is odd

M(M_?-) 0-05.3.1

\

Now returning to the original integral (74) , we note that
even though the integrand is not the same as (75) , the angular
dependence is, so that (79) may be applied. Absorbing this
¢y into K shows that the B?(;i)z-cdntribution to ﬁN is given
exactly by (69) . It should be noted that this formula is
also immediately valid for M=1 without even introducing the
spherical change of coordinates (73) , since the volume of the

unit interval is 2 (correctly given by (80) .

Although we began the discussion by considering the contri-

bution of a single term §§(ci)2 to the expectation, the
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homogeneity of the expression (74) shows that the other terms
§§(;i)2,...,§g(§?)2 in the (1,1)-entry will each make an
identical contribution. The same argument applies to other
diagonal entries of Ql and ﬁzz homogeneity again shows that

each term will make the same contribution, given by :(69) . This

justifies the conclusion that

A

oy = Myl (81)
where I is the identity matrix.

Next, let us transform back from f-coordinates to the
original";\i'-“coordinates as given in (58). We have proven that

our original expectations 91’92 are scalar multiples of the

covariance matrix S:

5 . . _
Ug = S*(mn I)S mn..S _
== =R (82)
Finally, substitution of (70)-(72) and (45) into
(69) followed by numerous cancellations yields the expressions

(24)-(27) in Section 3.
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APPENDIX E

VALIDATION OF THE MODIFIED RICCATI EQUATION

A set of Monte Carlo simulations was performed to validate
the result of the modified (deterministic) approximation (33)

of the stochastic Riccati equation (16).

The following notations are used:

P(klk) - The PDAF-calculated conditional error
covariance from the stochastic Riccati equation
(a random matrix, different from run to run)

E{g(klki}— The Monte Carlo average of the above

Bt(klk) - The true covariance of the PDAF estimation
error (different from run to run)

E{?F(kjk}h The Monte Carlo average of the above

Eg(klk) - The result of the modified (deterministic)
approximation (33) of the stochastic Riccati

equation
The results are for the numerical problem specified in [8].
where targets were tracked in two-dimensional geographic space.
The sample means were computed from ten independent runs. The

scalar performance measures used in comparing the matrices gé,

E{B} and E{EF} were
R.M.S. error = lt;(g) (83)

R.M.S. position error aJ Pll + Py, (84)

Figures 11 - 18 present the error comparison using the

above two scalar measures for up to 200 time steps and a wide
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range of PD’ PF' The actual position error was closely
approximated by the modified Riccati equation even for the
very low Py = .3. The overall error was still reasonably well

approximated down to Py = .4,

It appears, therefore, that the modified Riccati equation
can be considered as a reliable design tool except for the

situation of very low PD.
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